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The holographic bound asserts that the entropy S of a system is bounded from above by a quarter of
the area A of a circumscribing surface measured in Planck areas: S  A/42P . This bound is widely
regarded a desideratum of any fundamental theory. Moreover, it was argued that the holographic bound
is necessary for the validity of the generalized second law (GSL) of thermodynamics. However, in this
work we explicitly show that hyperentropic systems (those violating the holographic entropy bound)
do exist in higher-dimensional spacetimes. We resolve this apparent violation of the GSL and derive an
upper bound on the area of hyperentropic objects.
© 2011 Elsevier B.V. Open access under CC BY license.The past four decades have witnessed a breakthrough in com-
puter and data storage technology [1]. The impressive reduction
in size of information storage devices is one of the most remark-
able advances in this ﬁeld. It is believed that individual atoms and
molecules may one day become short term information-storage
devices [1]. Can this trend of miniaturization continue indeﬁnitely?
One (see [1,2]) naturally wonders if there is some fundamental
limitation on the size devices of given information capacity may
reach in the future? As emphasized by Bekenstein [1,2], such ques-
tion is related to the following question: what are the limitations
on the magnitude of the entropy of a system characterized by gen-
eral parameters such as size and energy [2]?
The celebrated holographic principle of ’t Hooft [3,4] asserts
that there is a deep connection between the physical content of
a theory deﬁned in a spacetime and the corresponding content of
another theory deﬁned on the boundary of the same spacetime [5].
A consistency requirement on the holographic principle is that the
boundary of any physical system should be able to encode as much
information as required to enumerate all possible quantum states
of the bulk system [5]. In light of the correspondence between
information and entropy [6], and the well-known entropy–area re-
lation for black holes [7,8], this requirement has been translated
into the holographic entropy bound [3–5]. This bound asserts that
the entropy S (or information) that can be contained in a physical
system is bounded in terms of the area A of a surface enclosing
it [3–5]:
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42P
, (1)
where 2P = Gh¯/c3 is the Planck area. [We shall henceforth use
natural units in which G = c = kB = 1.]
The holographic principle [3,4] and the holographic bound (1)
are widely regarded as guidelines to the ultimate physical the-
ory of nature [9]. For systems in three spatial dimensions, the
bound (1) suggests an information content that scales no faster
than the area of the boundary of the space. The holographic bound
also implies that (3 + 1)-dimensional black holes have the largest
possible entropy among (stationary and bounded) physical systems
characterized by a given surface area A (see also [10–12]).
As support for the holographic bound in three spatial dimen-
sions, Susskind [4,5,13] described the following gedanken exper-
iment: Take a neutral nonrotating spherical object of radius R ,
energy E (with R > 2E), and entropy S which violates the holo-
graphic bound: S > π R2/h¯. A spherically symmetric and concen-
tric shell of mass R/2 − E is dropped on the system; according
to Birkhoff’s theorem the total mass is now R/2. When the outer-
most surface of the shell reaches Schwarzschild radial coordinate
r = R , the system becomes a black hole of radius R and entropy
SBH = π R2/h¯, which is smaller than the original entropy S [5].
Susskind argued that the apparent violation of the generalized sec-
ond law of thermodynamics (GSL) [7] in this gedanken experiment
should be regarded as evidence that the envisaged system cannot
really exist.
Before we proceed, it should be mentioned that it is possible
to ﬁnd examples for systems which violate the holographic bound.
For example, a collapsed object already inside its own gravitational
radius eventually violates it. The enclosing area can only decrease
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ample is given by a large spherical section of a ﬂat Friedmann
universe: its enclosing area grows like radius squared while the
enclosed entropy does so like radius cubed. These examples be-
long to a class of strongly self-gravitating and dynamical systems.
The second example also describes an unisolated system. Never-
theless, it has been established [5] that the holographic bound (1)
can be trusted for generic weakly self-gravitating isolated systems
in three spatial dimensions. In the present work we shall focus on
such weakly self-gravitating isolated systems.
Clearly, Susskind’s gedanken experiment can also be applied
to physical systems in higher-dimensional spacetimes. The argu-
ments of [4] thus suggest that the holographic bound (1) must
follow from the GSL in any number of spatial dimensions. But is
the holographic bound really valid for physical systems in higher-
dimensional spacetimes?
Proliferation of large spatial dimensions is expected to increase
the entropy content of a physical system which is characterized by
a given amount of energy. Evidently the more the dimensions, the
more ways there are to split up a given amount of energy between
the quantum states of the system [16]. Thus, one may expect the
challenge to the holographic entropy bound to become more and
more serious as the number of spatial dimensions increases. As
an example, consider in D ﬂat spatial dimensions a spherical box
of radius R which contains massless ﬁelds. We shall follow the
analysis of [16] in order to calculate the system’s entropy in the
thermodynamic regime.
The mean thermal energy in the sphere from one helicity de-
gree of freedom is [16]
Ed.o.f. = VD(R)
∞∫
0
h¯ωdV D(ω)
(eβh¯ω ∓ 1)(2π)D , (2)
where the upper (lower) signs correspond to boson (fermion)
ﬁelds, and β ≡ 1/T is the inverse temperature of the system. Here
VD(R) = 2π
D/2
DΓ (D/2)
RD (3)
is the volume of a sphere of radius R in D spatial dimensions, and
dV D(ω) =
[
2π D/2/Γ (D/2)
]
ωD−1 dω (4)
is the volume in frequency space of the shell (ω,ω+dω). We note
that the distribution ωD/(eβh¯ω ∓ 1) in Eq. (2) peaks at the charac-
teristic frequency
ω¯ = D
h¯β
[
1∓ e−D + O (e−2D)]. (5)
From Eqs. (2)–(4) and the relation
∞∫
0
xD dx
ex ∓ 1 = ζ(D + 1)Γ (D + 1) ×
{
1 for bosons;
1− 2−D for fermions, (6)
where ζ(z) is the Riemann zeta function, one ﬁnds that the mean
energy of all massless ﬁelds is given by
E = 2Nζ(D + 1)Γ (
D+1
2 )R
D
π1/2Γ ( D2 )β
D+1h¯D
, (7)
where N is the number of massless degrees of freedom (the num-
ber of polarization states). Massless scalars contribute 1 to N ,
massless fermions contribute 1 − 2−D to N [16], an electromag-
netic ﬁeld contributes D−1 to N [17], and the graviton contributes
(D + 1)(D − 2)/2 to N [17]. Solving Eq. (7) for βh¯/R one ﬁndsβh¯/R = CD(Nh¯/RE) 1D+1 , (8)
where
CD ≡
[
2ζ(D + 1)Γ ( D+12 )
π1/2Γ ( D2 )
] 1
D+1
. (9)
Likewise, one can write the thermal entropy of one helicity de-
gree of freedom as [16]
Sd.o.f. = VD(R)
∞∫
0
[
∓ ln(1∓ e−βh¯ω)+ βh¯ω
eβh¯ω ∓ 1
]
dV D(ω)
(2π)D
. (10)
After some algebra we obtain
S = 2N(D + 1)ζ(D + 1)Γ (
D+1
2 )R
D
π1/2DΓ ( D2 )β
Dh¯D
(11)
for the total entropy of the system. Comparing (7) and (11), one
deduces the relation
S = D + 1
D
βE. (12)
Substituting Eq. (8) into Eq. (12), one ﬁnds
S = CD(1+ 1/D)N 1D+1 (RE/h¯) DD+1 (13)
for the (D + 1)-dimensional radiation entropy.
It is important to emphasize that our analysis is appropriate
only for weakly self-gravitating systems. In particular, formula (13)
for the entropy can be trusted provided the system’s energy (for a
given radius R) is bounded from above as here stated. The space-
time outside the spherical box (for D  3) is described by the
(D + 1)-dimensional Schwarzschild–Tangherlini metric [18,19] of
ADM energy E:
ds2 = −H(r)dt2 + H(r)−1 dr2 + r2 dΩ(D−1), (14)
with
H(r) = 1−
(
rg
r
)D−2
. (15)
Here
rg =
[
16π E
(D − 1)AD−1
] 1
D−2
(16)
is the gravitational radius of the system and
AD−1 = 2π
D/2
Γ (D/2)
(17)
is the area of a unit (D − 1)-sphere.
For the system to be weakly self-gravitating, one should impose
the criterion H(r = R)  1 at the surface of the sphere, or equiv-
alently (rg/R)D−2  1. Taking cognizance of Eqs. (15)–(16), this
condition yields the restriction
RE  D − 1
16π
A, (18)
where A = AD−1RD−1 is the surface area of the system. We char-
acterize this restriction by the dimensionless control parameter η
deﬁned by
η ≡ 16π RE  1. (19)
(D − 1)A
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tem’s thermal entropy as
S = CD(1+ 1/D)N 1D+1
[
η(D − 1)A
16π h¯
] D
D+1
. (20)
From Eq. (20) one learns that for the system’s entropy to beat the
holographic bound (that is, S > A/4h¯), its surface area must be
bounded from above according to
A
h¯
<
[
4CD(1+ 1/D)
]D+1
N
[
η(D − 1)
16π
]D
. (21)
The validity of the thermodynamic description rests on the
assumption that many quanta (of each degree of freedom) are
thermally excited in the system: E/N  h¯ω¯. Taking cognizance of
Eqs. (5) and (7), one ﬁnds the thermodynamic condition
CD
D+1(R/βh¯)D  D. (22)
Using the relation (8), one can cast this condition in the form
C−1D (Nh¯/RE)
D
D+1  D−1. (23)
We characterize this constraint by the dimensionless control pa-
rameter ξ deﬁned by
ξ ≡ C−1D D(Nh¯/RE)
D
D+1  1. (24)
Solving Eqs. (19) and (24) for RE , one can express the system’s
area as
A
h¯
= 16πND
D+1
D
η(D − 1)(ξCD) D+1D
. (25)
Substituting (25) into (21), we realize that a violation of the holo-
graphic bound can occur if the number of spatial dimensions sat-
isﬁes the inequality [20]
D  D∗  4π/ηξ1/D . (26)
Since the dimensionless control parameters satisfy the relations
ξ  1 and η  1 [see Eqs. (19) and (24)], we learn from (26)
that the critical dimension D∗ (the minimal value of D above
which a violation of the holographic bound can be realized) sat-
isﬁes D∗  4π [21].
Note that in the large D regime (26), the condition (21) for a
violation of the holographic bound (1) can be simpliﬁed:
A
h¯
< 32NηD
√
π
2D
(
D
4π
)D+1
. (27)
Our analysis thus reveals that the holographic bound (1) can ac-
tually be violated in higher-dimensional spacetimes. But according
to the arguments of Ref. [4], the holographic bound is necessary
for the validity of the GSL, for otherwise the resulting black hole
(after collapsing a shell upon the hyperentropic object) would have
an entropy SBH = A/4h¯ which is smaller than the entropy of the
original (hyperentropic) system. We must therefore ask what was
wrong with the original arguments of Susskind [4] suggesting that
the holographic bound should follow from the GSL in any num-
ber of spatial dimensions. Can we resolve this apparent violation
of the GSL?
We argue that one can escape a violation of the GSL if it turns
out that it is actually not possible to form a stable (or meta-stable)
black hole in the gedanken experiment of [4,13]. Due to Hawk-
ing evaporation [8], a purely quantum effect, the black hole will
have a ﬁnite lifetime. If it turns out that this lifetime is shorterthan the relaxation time of the dynamically formed black hole,
than a static (or quasi-static) black hole will never actually form in
the gedanken experiment of [4,13]. Instead, the intermediate non-
equilibrium conﬁguration will merely act as a catalyst for trans-
forming the initial high entropy conﬁned state into a ﬁnal higher
entropy state of unconﬁned Hawking radiation [13]. We shall now
provide analytical estimates for the lifetime, τbh, and dynamical
relaxation time, τrelaxation, of (D + 1)-dimensional black holes.
The Hawking radiation power emitted by a (D+1)-dimensional
black hole of radius rH can be approximated by the blackbody for-
mula [22–24]
PD = σD AabsT D+1, (28)
where the D-dimensional Stefan–Boltzman constant is given by
[22]
σD = AD−2Γ (D + 1)ζ(D + 1)N
(2π)D(D − 1)Γ ( D−12 )
. (29)
Here
Aabs = AD−2D − 1 r
D−1
c (30)
is the absorptive area of the black hole in the geometrical optics
(high energy) limit [22,23], where
rc ≡
(
D
2
) 1
D−2
√
D
D − 2 rH , (31)
is the critical radius for null geodesics [22,23] (if a photon travels
inside this radius, it is captured by the black hole). It was recently
shown [24] that the blackbody formula (28) provides a reason-
ably good description of the black-hole emission power. In fact, the
agreement between the (numerically computed) black-hole power
and the blackbody analytical formula (28) is very good in the large
D regime (26) [24].
Substituting Eqs. (29)–(31) into Eq. (28) and using the relation
[19] TBH = (D−2)h¯4πrH for the black hole’s temperature, one ﬁnds
PD  N
(
D − 2
4π
)D+1( rc
rH
)D−1 Dζ(D + 1)h¯
πr2H
(32)
for the total power radiated by a (D + 1)-dimensional black hole.
The corresponding decrease of the black hole mass during the
Hawking evaporation is given by dM/dt = −PD . Using the mass-
radius relation (16) in Eq. (32), one may integrate this equation to
ﬁnd
τbh  2
2D−2π D+1(D − 1)
D2(D − 2)Dζ(D + 1)h¯N
(
rH
rc
)D−1
ArH (33)
for the lifetime of the (D +1)-dimensional black hole. Note that in
the large D regime (26), one has (rH/rc)D−1  2/De, which implies
the compact expression
τbh 
(
4π
D
)D+2 e
32π h¯N
ArH . (34)
On the other hand, the characteristic timescale required for the
dynamically formed black hole to settle down to a stationary, equi-
librium conﬁguration is given by [25–27]
τrelaxation = 	ω−10 =
2
√
D
D − 2
(
D
2
) 1
D−2
rH , (35)
where ω0 is the fundamental black-hole quasinormal frequency
[28]. Note that in the large D regime (26), one can approxi-
mate (35) by the compact formula
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D
. (36)
In order for a (D + 1)-dimensional black hole to be regarded as
a stable (or meta-stable) state, its lifetime must be longer than its
dynamical relaxation time: τbh > τrelaxation. Thus, taking cognizance
of Eqs. (34) and (36), one may deduce a lower bound on the area
of stable (or meta-stable) (D +1)-dimensional Schwarzschild black
holes:(A
h¯
)
min
 16
√
DN
e
(
D
4π
)D+1
. (37)
As discussed above, one can accept a violation of the holo-
graphic entropy bound (the existence of hyperentropic physical
systems) and at the same time avoid a disturbing violation of the
GSL in the gedanken experiment of [4,13], provided the lifetime
of the black hole which is formed from the collapse of the hyper-
entropic system is shorter than its relaxation time. In this case,
a quasi-static black hole will never actually form in the gedanken
experiment of [4,13]. Instead, there would be an intermediate
non-equilibrium conﬁguration which will merely act as a catalyst
for converting the initial high entropy conﬁned state into a ﬁnal
higher entropy state of unconﬁned Hawking radiation [13]. Taking
cognizance of Eq. (27), one realizes that the area of the black hole
which would form from the collapse of the hyperentropic system
is smaller then the minimal area (37) which is required for a meta-
stable black-hole conﬁguration. [The RHS of (37) is larger than the
RHS of (27) by the factor ∼ D/ηD .] Thus, we conclude that the GSL
is respected despite the fact that the holographic bound (1) can be
violated.
In summary, the gedanken experiment of [4] suggests that the
holographic entropy bound (1) is necessary for the validity of the
generalized second law of thermodynamics. However, in this work
we have demonstrated explicitly that the bound (1) can be vio-
lated in higher-dimensional spacetimes. At ﬁrst sight, this ﬁnding
seems to open a possibility of violating the GSL in the gedanken
experiment of [4]. However, our analysis reveals that hyperentropic
systems are actually allowed to exist (they are harmless to the GSL)
provided their area is bounded from above by:
A
h¯
<
16
√
DN
e
(
D
4π
)D+1
. (38)
It is of interest to search for other examples of physical sys-
tems which violate the holographic entropy bound (1). It would
be highly important to verify that these systems do conform tothe new area bound (38), which is necessary for the validity of
the GSL.
Acknowledgements
This research is supported by the Meltzer Science Foundation.
I thank Yael Oren and Arbel M. Ongo for helpful discussions.
I thank Jacob D. Bekenstein for helpful correspondence.
References
[1] J.D. Bekenstein, M. Schiffer, Int. J. Mod. Phys. C 1 (1990) 355.
[2] J.D. Bekenstein, Found. Phys. 35 (2005) 1805.
[3] G. ’t Hooft, in: A. Aly, J. Ellis, S. Randjbar-Daemi (Eds.), Salam-Festschrifft,
World Scientiﬁc, Singapore, 1993, arXiv:gr-qc/9310026.
[4] L. Susskind, J. Math. Phys. 36 (1995) 6377.
[5] J.D. Bekenstein, Phys. Lett. B 481 (2000) 339;
J.D. Bekenstein, in: V.G. Gurzadyan, R. Jantzen, R. Ruﬃni (Eds.), Ninth Marcel
Grossmann Meeting on Recent Developments in Theoretical and Experimental
General Relativity, Gravitation and Relativistic Field Theories, World Scientiﬁc,
Singapore, 2002, pp. 553–559.
[6] C.E. Shannon, W. Weaver, The Mathematical Theory of Communications, Uni-
versity of Illinois Press, Urbana, 1949;
E.T. Jaynes, Phys. Rev. 106 (1957) 620;
E.T. Jaynes, Phys. Rev. 108 (1957) 171.
[7] J.D. Bekenstein, Phys. Rev. D 7 (1973) 2333.
[8] S.W. Hawking, Comm. Math. Phys. 43 (1975) 199.
[9] J.D. Bekenstein, Contemp. Phys. 45 (2003) 31.
[10] J.D. Bekenstein, Phys. Rev. D 23 (1981) 287.
[11] S. Hod, Phys. Rev. D 61 (2000) 024018, arXiv:gr-qc/9901035.
[12] J.D. Bekenstein, A.E. Mayo, Phys. Rev. D 61 (2000) 024022;
S. Hod, Phys. Rev. D 61 (2000) 024023, arXiv:gr-qc/9903011.
[13] R.M. Wald, Living Rev. Rel. 4 (2001) 6, arXiv:gr-qc/9912119.
[14] R. Bousso, JHEP 9906 (1999) 028;
R. Bousso, JHEP 9907 (1999) 004;
R. Bousso, JHEP 0104 (2001) 035.
[15] U. Yurtsever, Phys. Rev. Lett. 91 (2003) 041302.
[16] J.D. Bekenstein, Phys. Rev. D 49 (1994) 1912;
S. Hod, Phys. Lett. B 695 (2011) 294.
[17] V. Cardoso, M. Cavaglia, L. Gualtieri, JHEP 0602 (2006) 021;
H. Alnes, K. Olaussen, F. Ravndal, I.K. Wehus, J. Phys. A 40 (2007) F315.
[18] F.R. Tangherlini, Nuova Cimento 27 (1963) 365.
[19] G. Kunstatter, Phys. Rev. Lett. 90 (2003) 161301.
[20] Note that CD → 1 and D1/D → 1 for D  1.
[21] Note that Eq. (26) implies that thermal radiation in three spatial dimensions
conforms to the holographic bound.
[22] R. Emparan, G.T. Horowitz, R.C. Myers, Phys. Rev. Lett. 85 (2000) 499.
[23] P. Kanti, Int. J. Mod. Phys. A 19 (2004) 4899.
[24] S. Hod, Classical Quantum Gravity 28 (2011) 105016.
[25] R.A. Konoplya, Phys. Rev. D 68 (2003) 024018.
[26] S. Hod, Phys. Rev. D 75 (2007) 064013, arXiv:gr-qc/0611004.
[27] E. Berti, V. Cardoso, A.O. Starinets, Classical Quantum Gravity 26 (2009)
163001.
[28] H.P. Nollert, Classical Quantum Gravity 16 (1999) R159.
